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“Two very significant discoveries are due to mass spectroscopic studies. First,
J.J. Thomson discovered that neon consisted of a mixture of two different isotopes
(masses 20 and 22) rather than only a single isotope. This observation of the exis-
tence of stable isotopes is perhaps the greatest achievement that can be claimed by
mass spectroscopy. [. . . ] The second significant discovery due to mass spectrographic
studies was made by F.W. Aston. He observed that the masses of all isotopes are not
simple multiples of a fundamental unit, but rather they are characterized by a mass
defect; i.e., isotopes do not have integral masses.” (Robert W. Kiser, The Introduction
to Mass Spectrometry)

MASS spectrometry cannot detect single molecules, but is dependent on the existence of
millions of “identical” copies of some molecule. These copies are identical from a chemical

standpoint, but not from a physical standpoint: Throughout these copies, elements follow their
natural isotope abundances. For mass spectrometry, this implies that instead of a single peak,
we observe an isotope pattern of the molecule. On the one hand, this is simply an additional
complication that we have to deal with when analyzing MS data. In many MS applications,
the experimental setup is actually chosen so that we do not have to consider such isotope
patterns: In peptide de novo sequencing introduced in Chapter 2, one deliberately selects only
the monoisotopic peak (see below) for fragmentation, and no isotope patterns can be observed in
the fragmentation spectrum. On the other hand, we can use this fact to our advantage: Namely,
we can use the isotope pattern to derive information about an unknown molecule, namely its
molecular formula. This will be addressed in Chapter 10.

Our presentation in this chapter uses the formalism of random variables. Readers not familiar
with this simple yet elegant formalism are referred to the literature [1].

Although in principle, each and every molecular formulas should correspond to some molecule,
our formalism does not distinguish between reasonable molecular formulas (such as C12H22O11)
and unreasonable molecular formulas (such as CH37). For the sake of readability, we will use
unreasonable molecular formulas (such as H100) in our examples and theoretical considerations
whenever this leads to simpler calculations. Such examples might provide the reader with a
rough estimate on, say, the required size of a molecule. For this purpose, an unreasonable
molecular formula should do the job. We will come back to this point in Sec. 10.3, where we reject
molecular formulas that cannot correspond to some molecule. Trying to integrate such chemical
knowledge at a low level, will usually destroy both the comprehensibility and the swiftness
of our methods. Instead, chemical knowledge should be integrated at a higher level, such as
rejecting molecular formulas after they have been enumerated.
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9.1 Isotopes

We continue our journey into the realm of physics that we have started in Sec. 1.1. We shortly
recall some of the facts from there: Atoms are composed of electrons with a negative charge,
protons with a positive charge, and neutrons without charge. Protons and neutrons make up the
atomic nucleus. Atoms have no charge, whereas charged particles are called an ions. Atoms are
classified by the number of protons in the atom, that defines which element the atom is. Atoms
with identical atomic number cannot be differentiated chemically. Elements most abundant in
biomolecules are hydrogen (H, atomic number 1), carbon (C, 6), nitrogen (N, 7), oxygen (O, 8),
phosphor (P, 15), and sulfur (S, 16). The “backbone” of all biomolecules is made from carbon, and
we often classify elements based on their similarity or dissimilarity to carbon. Less abundant
elements include boron, fluorine, silicon, chlorine, copper, zinc, selenium, and tungsten, see
Sec. 9.8.

The nominal mass or nucleon number of an atom is its total number of protons and neutrons.
An element can have numerous different atoms with equal number of protons and electrons, but
varying number of neutrons. These are called isotopes of the element. The nucleon number is
denoted in the upper left corner of an atom, such as 12C for the carbon 12 isotope with 6 protons
and 6 neutrons. Several isotopes of an element can be found in nature and are called natural
isotopes. The natural isotope with lowest mass is called monoisotopic, such as 1H, 12C, 14N, 16O,
31P, and 32S.1 As an example, the relative abundance of the monoisotopic carbon isotope 12C
is 98.93%, whereas the isotope 13C has a relative abundance of about 1.07%. The radioactive
isotope 14C with half-life 5730 years has a relative abundance of less than 0.001% in nature,
and is usually ignored in our analysis; likewise, we can ignore tritium 3H.

It is important to notice that unlike other numbers in this section, abundances of natural
isotopes are no physical constants: These abundances vary depending on time and place
(continent, planet, solar system) where the sample is taken. In fact, physicists may determine
the offspring of a sample based on its isotope abundances. For example, deuterium (2H)
varies in relative abundance from about 0.012% to 0.016% in non-marine organisms [54]. For
computational mass spectrometry this is usually irrelevant; we just keep in mind that isotope
abundances are not an “exact science” as masses. Regarding the six elements most abundant in
living beings, see Table 9.1 for a detailed list of all natural isotopes and their relative abundance
in nature. Isotopes not listed here have relatively small half-lifes and, hence, are not found in
nature at significant levels. At the end of this chapter, Table 9.5 on page 109 provides the same
information for less frequent elements.

Recall that 1 Dalton is 1/12 of the mass of one atom of the 12C isotope, so

1Dalton≈ 1.660538 ·10−24 g and 1g= NA Dalton

where NA ≈ 6.022141 ·1023 denotes the Avogadro constant.
Also recall that due to the mass defect, an atoms mass is smaller than sum of masses of the

contained protons, neutrons, and electrons. For example, the mass of a protons is 1.00728 Da,
the mass of a neutron 1.00866 Da, and the mass of an electron is about 0.00054 Da. So, 6 protons,
6 neutrons, and 6 electrons have a total mass of 12.09596 Da whereas the corresponding 12C
atom has a mass of exactly 12 Da, a deviation of about 0.8%. See Table 9.1 above for the masses

1In this book, the term “monoisotopic” consistently refers to the lightest natural isotope, not the most abundant
isotope. Otherwise, the monoisotopic masses of the atoms constituting a molecule, will in general not add up to
the monoisotopic mass of the molecule.
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element (symbol) isotope abundance% mass (Da) av. mass (Da)
hydrogen (H) 1H 99.988% 1.007825

2H 0.012% 2.014102 1.00794
carbon (C) 12C 98.93% 12.0

13C 1.07% 13.003355 12.0107
nitrogen (N) 14N 99.636% 14.003074

15N 0.364% 15.001090 14.0067
oxygen (O) 16O 99.757% 15.994915

17O 0.038% 16.999131
18O 0.205% 17.999160 15.9994

phosphor (P) 31P 100% 30.973762 30.973762
sulfur (S) 32S 94.99% 31.972071

33S 0.75% 32.971459
34S 4.25% 33.967867
36S 0.01% 35.967081 32.065

Table 9.1: Natural isotope abundances: Relative abundance of isotopes and their masses in
Dalton, for the six elements most abundant in biomolecules. Masses are rounded
to six decimal places.

of isotopes of the elements most abundant in living beings. Masses are rounded to six decimal
places.

The average mass (or atomic weight) of an element is the expected mass over the natural
distribution of isotopes. For example, the average mass of nitrogen is 0.99634 times the mass
of 14N plus 0.00366 times the mass of 15N. See Table 9.1 for average masses of elements most
abundant in living beings. Note again that, due to the variation of isotope abundances, average
masses are no physical constants and depend on time and place where the measurement is
taken.

A molecule consists of a stable system of two or more atoms. We use the term molecular
formula gives the number of atoms that compose the molecule, and can be though of as a
compomer over the set of elements. Molecules with the same atoms in different arrangements
are called isomers. For example, the chemical formula (CH3) 3CH implies a chain of three carbon
atoms, with the middle carbon atom bonded to another carbon, and the remaining bonds on the
carbons all leading to hydrogen atoms. In comparison, the molecular formula C4H10 only tells us
that the molecule is made up of 10 hydrogen and 4 carbon atoms: A straight line of (single bond)
carbon atoms with remaining bonds leading to hydrogen atoms has identical molecular formula
and, hence, is an isomer of the molecule. Molecules can have a net electric charge, that is, more
electrons than protons or vice versa, and such molecules are called ions. Molecules have fixed
molecular geometries, but we will ignore structure and geometry of a molecule in the following,
because these properties do not affect its mass.

The nominal mass of a molecule is the sum of protons and neutrons of the constituting atoms.
The mass of a molecule is the sum of masses of the atoms it is composed of. Here, a warning
seems in place: The energy of a molecule is smaller than the energy of the constituting atoms do
to the chemical bonds and intermolecular bonds in the molecule. According to Einstein’s well-
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12C 13C 1H 2H 16O 17O 18O nom. mass mass (Da) abundance %
12 0 22 0 11 0 0 342 342.116215 84.9204
11 1 22 0 11 0 0 343 343.119570 11.4384
12 0 22 0 10 1 0 343 343.120431 0.3558
12 0 21 1 11 0 0 343 343.122492 0.2803
12 0 22 0 10 0 1 344 344.120460 1.8727
10 2 22 0 11 0 0 344 344.122925 0.7062
11 1 22 0 10 1 0 344 344.123786 0.0479
11 1 21 1 11 0 0 344 344.124647 0.0007
12 0 22 0 9 2 0 344 344.125847 0.0378
12 0 21 1 10 1 0 344 344.126708 0.0012
12 0 20 2 11 0 0 344 344.128769 0.0004

Table 9.2: Isotope species of sucrose molecules C12H22O11, sorted by mass. Isotope species with
nominal mass 345 and above omitted.

known equation E = mc2, the mass of a molecule shows yet another mass defect, and is slightly
smaller than the mass calculated above. But this mass defect is several orders of magnitude
smaller than the atom mass defect, and can be safely ignored in all of our calculations. So, in a
very strict sense, isomers do not necessarily have identical mass; but they do, as far as we are
concerned.

Clearly, the mass and nominal mass of a molecule depend on the isotopes that constitute it.
To this end, the monoisotopic mass of a molecule is the sum of masses of the constituting atoms
where for every element, we choose the monoisotopic atom.2 For example, sucrose C12H22O11
has monoisotopic mass 12·12.0+22·1.007825+11·15.994915= 342.116215 Da and monoisotopic
nominal mass 12 ·12+22 ·1+11 ·16= 342 Da. In comparison, the average mass of a molecule is
the sum of average masses of the constituting atoms. For example, sucrose has average mass
12 ·12.0107+22 ·1.00794+11 ·15.9994= 342.29648 Da. Clearly, this average mass is only correct
if isotopes truly follow the isotope abundances of Table 9.1.

9.2 Isotope distributions and isotope patterns

Mass spectrometry cannot detect single molecules but, just like most analysis techniques in life
sciences, is dependent on the existence of millions of identical copies of some molecule. This
means that elements follow the natural isotope abundances from the previous section: Instead
of identical copies, we have different isotope species or isobars of a molecule. For example,
12C12

1H22
16O11 and 12C9

13C3
2H22

16O7
17O3

18O1 are two isotope species of sucrose C12H22O11.
The mass of an isotope species is the sum of masses of the constituting isotopes. The isotope
species where each atom is the isotope with the lowest nominal mass is called monoisotopic. See
Table 9.2 for the first eleven isotope species of sucrose.

2Again, “monoisotopic” refers to the lightest isotope species (see below) of a molecule, not the sum of masses from
the most abundant isotopes.
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The number of distinct isotope species of a molecule is

number of isotope species= (iC +1)(iH +1)(iN +1)

(
iO +2

2

)(
iS +3

3

)
(9.1)

where iE denotes the multiplicity of element E in the molecule, E ∈ {C,H,N,O,P,S}. This follows
because for an element E with r natural isotopes, a molecule E l consisting of l atoms of the
element has

(l+r−1
r−1

)
different isotope species. Note that

(n
0
)= 1 for all n ∈N. For example, sucrose

has 13 ·23 · (13
2
)= 23322 isotope species.

Mass spectrometry is usually not capable of resolving isotope species with identical nominal
mass. Instead, these isotope species appear as one single peak in the MS output. There are
two exceptions to this rule: Using high-resolution mass spectrometry and analyzing a molecule
that contains sulfur, one can often identify two instead of one peak for monoisotopic nominal
mass plus 2. The same problem exists for other elements whose isotope mass differences differ
significantly from that of carbon. See Sec. 9.4 for more details. For the moment, we simply
ignore this problem.

Second, if the nominal mass of an isotope species is significantly larger than the monoisotopic
nominal mass, then isotope species with distinct nominal masses may have almost identical
real masses. Consider the molecular formula C345H344 with nominal monoisotopic mass 4484:
the isotope species 13C345

1H344 has nominal mass 4828 and mass 4832.849275 Da whereas the
isotope species 12C345

2H344 has nominal mass 4827 and mass 4832.851088 Da. As we will see,
we can usually limit calculations to isotope species with nominal mass no more than, say, ten
above the monoisotopic nominal mass, for all molecules that are of interest to us. Hence, we
may safely ignore this subtlety.

We merge isotope species with identical nominal mass; we refer to the resulting distribution
as the molecule’s isotope distribution (or isotopic distribution). How can we formally model this
isotope distribution? For each element E ∈Σ we define a discrete random variable, denoted YE,
representing the nominal mass distribution of the element. For example, YC with state space
{12,13} and

P
(
YC = 12

)= 0.98890, P
(
YC = 13

)= 0.01110

is the random variables of carbon, whereas YO with state space {16,17,18} and

P
(
YO = 16

)= 0.99757, P
(
YO = 17

)= 0.00038, P
(
YO = 18

)= 0.00205

is the random variable of oxygen.
Now, the random variable Y of a molecule is the sum of random variables of the atoms

constituting the molecule, where we choose these random variables according to the element
of each atom. Unfortunately, we have to deal with a subtlety in the stochastic notation: We
cannot write YH2O =YH+YH+YO for the isotope distribution of H2O, as this would not result in
two independent random variables for hydrogen but instead, one random variable whose value
is doubled. To this end, we have two go a slightly longer road. We write Y ∼ Y ′ if two random
variables are independent identically distributed. So, P(Y = y) = P(Y ′ = y) holds for all y in the
state space, but Y and Y ′ are independent. Given a molecule consisting of l atoms, we assign to
each atom i a random variable Yi, for i = 1, . . . , l, such that Yi ∼ YE i where E i is the element of
the ith atom. Now we can represent the molecule’s isotope distribution by the random variable
Y :=Y1 + . . .+Yl .
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nominal mass 342 343(+1) 344(+2) 345(+3) 346(+4) 347. . .398
abundance % 84.9204 12.0745 2.6668 0.2976 0.0371 < 0.0001

Table 9.3: Isotope distribution of sucrose C12H22O11 in percent, rounded to four decimal places.

Example 9.1. Consider sucrose with molecular formula C12H22O11. The isotope distribution of
sucrose is the random variable Y =Y1 +·· ·+Y45 where

Yi ∼YC for i = 1, . . . ,12,

Y12+i ∼YH for i = 1, . . . ,22, and

Y34+i ∼YO for i = 1, . . . ,11.

In an ideal mass spectrum, normalized peak intensities correspond to the isotope distribution
of the molecule. For ease of exposition, the peak at monoisotopic mass is also called monoisotopic,
the following peaks are referred to as +1, +2, . . . peaks. The number of non-zero entries in the
isotope distribution of a molecule is

number non-zero entries= iC + iH + iN +2iO +3iS +1 (9.2)

where again, iE denotes the multiplicity of element E in the molecule, E ∈ {C,H,N,O,P,S}.
Clearly, this is much less than the number of isotope species, compare to (9.1): For example,
sucrose C12H22O11 has 12+22+2 ·11+1= 57 non-zero entries, ranging from nominal mass 342
to 398. See Table 9.3 for the isotope distribution of sucrose. Put differently, if Y is the random
variable of sucrose, then P(Y = 342) = 0.8492. Peak intensity quickly deteriorate for increasing
nominal mass, and P(Y ≥ 347)< 0.00004.

So, the imperfection of mass spectrometry results in +1,+2, . . . isotope peaks that, in fact, are
superpositions of peaks with almost identical mass. We have introduced above a model for the
intensity of the superimposed peak; but what about its mass? It is reasonable to assume that
the mass of a peak in the isotope pattern, is the mean mass of all isotope species that add to
its intensity. We now formalize this idea: For each element E ∈ Σ we define another random
variable XE, representing the mass of the natural isotopes. Random variables XE and YE are
correlated: In fact, XE can be viewed as a function λ of YE and E, XE = λE(YE). For example,
XC with state space {12,13.003355} and

P
(
XC = 12

)= 0.98890, P
(
XC = 13.003355

)= 0.01110

is the random variables of carbon, and we have XC = 12 if and only if YC = 12. Given a molecule
consisting of l atoms, we assign to the ith atom, i = 1, . . . , l, a random variables X i such that
X i ∼ XE i , where E i is the element of the ith atom. Now we can represent the molecule’s mass
distribution by the random variable X := X1+ . . .+X l . Clearly, X and Y are correlated, where Y
is the isotope distribution of the molecule.

For mass distribution X = X1 + . . .+ X l and isotopic distribution Y =Y1 +·· ·+Yl of a molecule
with elements E1, . . . ,E l and monoisotopic nominal mass N, the mean peak mass mn of the +n
peak can be calculated as:

mn = E(X
∣∣ Y = N +n

)
= ∑∑

i Ni=N+n

P(Y1 = N1, . . . ,Yl = Nl)
P(Y = N +n)

(
λ(N1,E1)+·· ·+λ(Nl ,E l)

) (9.3)
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nominal mass 342 343(+1) 344(+2) 345(+3) 346(+4)
abundance % 84.9204 12.0745 2.6668 0.2976 0.0371

mean peak mass 342.116215 343.119663 344.121254 345.124197 346.126084

Table 9.4: Isotope pattern (isotopic distribution and mean peak masses) of sucrose C12H22O11.
Peaks with nominal mass 347, . . . ,398 have abundances of less than 0.01%.

where the sum is taken over all vectors ~N = (N1, . . . , Nl) ∈Nl satisfying
∑

i Ni = N+n. We refer to
the isotope distribution together with the mean peak masses as the molecule’s isotope pattern.
See Table 9.4 for the isotope pattern of sucrose.

9.3 Simulating isotope patterns

In the following, we will “separate” isotope patterns from the monoisotopic nominal mass of
the molecule: If two molecular formulas differ by a single phosphor atom, then the resulting
isotope patterns are identical, only shifted by the mass of a single phosphor. In other words:
It is of no interest for the isotope pattern what the actual nominal mass N of the molecule is.
To this end, we write nominal masses of isotopes as N +n, corresponding to the +n peak of the
isotope pattern. The monoisotopic peak will also be referred to as “the first non-zero value of the
distribution” because obviously, no isotope can have smaller mass.

We start with the computation of the isotope distribution, as this will be needed to compute
mean peak masses. Let us compute the isotope distribution of sucrose C12H22O11 by hand,
compare to Table 9.3. To do so, we put 100 000 marbles in a bag: 99 988 will be marked “1” and
12 marbles will be marked “2”. We label the bag with an ‘H’. We prepare a second bag labeled ‘C’
that contains 9 893 marbles marked “12” and 107 marbles marked “13”. In a third bag labeled ‘O’
we put 99 757 marbles marked “16”, 38 marbles marked “17”, and 205 marbles marked “18”. At
random, pull a marble from the sack labeled ‘C’, write down the number, put it back. Repeat 11
more times. Do the same for sack ‘H’ with 22 repetitions, and for the sack ‘O’ with 11 repetitions.
Sum up all numbers, record the sum on a second piece of paper. Repeat 10 000 times, count how
often you have computed each sum — voilá, you have just simulated an isotope distribution.
Another way to do this is throwing dice, see Fig. 9.1. Obviously, these two methods are not
very helpful to simulate isotope distributions, neither by hand nor in the computer: Doing so
is not only time consuming but, even worse, the simulated isotope distribution can still differ
significantly from the distribution you would get for an infinite number of repetitions. Can we
do better?

Computing the complete isotope distribution is somewhat tedious, as there are many inten-
sities that we compute in vain, see again Table 9.3 where peaks at nominal masses 347 to 398
will not be detectable in any mass spectrometer. In fact, isotope distributions decrease rapidly
for all molecules over the alphabet of elements CHNOPS. To further substantiate this claim
empirically, we extracted all molecular formulas from the KEGG COMPOUND database [124]
(release 42.0) that have elements CHNOPS and mass below 3000 Da. Amongst the resulting
11479 molecular formulas, not a single entry has intensity of the +10 peak larger than 0.007%.
Clearly, the corresponding peak must be lost in the noise of the experimental mass spectrum.
We consider the worst case of a “sulfur-only” molecule in Exercise 9.1.
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Figure 9.1: Throwing dice to simulate an isotope distribution, for water H2O (left) and sucrose
C12H22O11 (right). H-dice have two faces, where a ‘1’ is rolled in 99.988% of the
cases, and a ‘2’ in 0.012%. C-dice and O-dice are made analogously, but O-dice have
three faces.

The above implies that we can restrict our computations to the first nmax non-zero values of
the distribution, where nmax is a small constant such as nmax = 10. In the following, these nmax
values will be referred to as isotope distribution.

We begin with “pure” molecular formulas made from a single element, such as H63. Clearly,
such molecular formulas are “unreasonable” as they usually do not correspond to a molecule.
But that should not stop us from calculating the corresponding isotope distribution!

The atoms hydrogen, carbon, and nitrogen have only two natural isotopes. Thus, the isotope
distribution of a molecule E l consisting of l atoms of element E with E ∈ {H,C,N}, follows a
binomial distribution: Let qn denote the probability that E l has nominal mass N +n, where N
is the monoisotopic nominal mass of E l . Then,

qn =
(

l
n

)
pl−n(1− p)n, (9.4)

where p is the relative abundance of the monoisotopic isotope of element E. The values of the
qn can be computed iteratively, since q0 = pl and

qn+1 = l−n
n+1

· 1− p
p

qn for n ≥ 0, (9.5)

thus the total computation time is O(nmax).
Where an element E has r > 2 isotopes (such as oxygen and sulfur), the isotope distribution

of E l can in theory be computed as follows: Let pi for i = 0, . . . , r−1 denote the probability of
occurrence of the ith isotope. Then, the probability that E l has nominal mass N +n is

qn :=P(E l has nominal mass N +n )=∑(
l

l0, l1, . . . , lr−1

)
·

r−1∏
i=0

pl i
i , (9.6)

where the sum runs over all l0, . . . , lr−1 ≥ 0 satisfying
∑r−1

i=0 l i = l and
∑r−1

i=0 i · l i = n [114]. The
tuples (l0, . . . , lr−1) satisfying

∑
i · l i = n are the integer partitions of n into at most r parts. To

compute all partitions, a greedy algorithm with a simple recursion can be employed. However,
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this approach faces the problem that the number of summands in (9.6) grows rapidly, at least as
a polynomial in n of degree r−1 [226], and is impractical in application.

We now present a smarter way to compute the isotope distribution of Ol and Sl . Let Y and Y ′

be two discrete random variables with state spaces Ω,Ω′ ⊆ N. Recall that we can compute the
distribution of the random variables Z :=Y +Y ′ as

P(Z = x)=∑
yP(Y = x− y) ·P(Y ′ = y), (9.7)

compare to (6.3) on page 80. If we restrict ourselves to the first nmax non-zero values of this
distribution, we can compute it in O(n2

max) time. We briefly recall the details: Let PY [0. . .nmax−
1] and PY ′[0. . .nmax−1] be the first nmax non-zero values of the distributions of Y and Y ′. Then,

PY [n]=P(Y = N +n) and PY ′[n]=P(Y ′ = N ′+n)

holds for n = 0, . . . ,nmax−1 and some N, N ′ ∈N; furthermore, PY [0]> 0 and PY ′[0]> 0, as well as
P(Y = n)= 0 for n < N and P(Y ′ = n)= 0 for n < N ′. We compute an array PZ[0. . .nmax −1] as

PZ[n]←
nmax−1∑

i=0
PY [n] ·PY ′[n− i] for n = 0, . . . ,nmax −1 (9.8)

and find that PZ[n] = P(Z = N +N ′+n) for all n = 0, . . . ,nmax −1, as well as P(Z = n) = 0 for all
n < N +N ′, where Z = Y +Y ′. We will below see that (9.8) also allows us to swiftly compute the
isotope distribution of an arbitrary molecular formula.

We can compute the isotope distributions of oxygen Ol and sulfur Sl by iterative convolution:
For example, the isotope distribution of Ol is computed by l times convoluting the distribution of
oxygen. This results in O(ln2

max) time for computing the first nmax coefficients of the distribution
of Ol and Sl . Actually, we can do better than that: Russian multiplication3 allows us to compute
the product a ·b of two integers by repeatedly doubling one, halving the other: For example,

133 ·177= 133 ·20 +133 ·24 +133 ·25 +133 ·28

= 133+2128+4256+17024= 23541

as 177= 1+16+32+128= 20 +24 +25 +28. This also works for computing ab:

133177 = 13320 ·13324 ·13325 ·13328 ≈ 8.35 ·10375

Similarly, we can compute the distribution of the random variable Z = Z1+·· ·+Zl where Zi ∼ Z1,
see Alg. 9.1. Limiting ourselves to the first nmax coefficients of the distribution, this results in
running time O(n2

max log l).
But although Alg. 9.1 is quite fast, we can do better, using a simple trick: We shift these

computations into the preprocessing phase, storing results in memory. For that, we have to
choose some fixed L, and store isotope distributions for Ol and Sl where l = 1, . . . ,L. This results
in O(nmaxL) memory for every element. Note that L is small in application: For example, 256
oxygen atoms already have mass of about 4096 Da, most likely exceeding the relevant mass
range.

Assume that you have only twelve plates but, just by chance, 17 guests show up for dinner:
What do you do? This is a simple question for a mathematician, the obvious answer being:

3Also known as smart Russian multiplication, Russian peasant multiplication, ancient Egyptian multiplication, or
Egyptian multiplication.
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1: function SMARTRUSSIAN(isotope distribution P, integer l)
2: isotope distributions Q =Q[0. . .nmax −1] and Q′ =Q′[0. . .nmax −1]
3: Q[0]← 1, Q[i]← 0 for i = 1, . . . ,nmax −1
4: Q′ ← P
5: while l > 0 do
6: if l is odd then
7: Convolute Q and Q′, store result in Q
8: end if
9: Convolute Q′ and Q′, store result in Q′

10: l ←bl/2c
11: end while
12: return isotope distribution Q
13: end function

Algorithm 9.1: Smart Russian algorithm for computing the isotope distribution of Ol and Sl , as
well as other elements with three or more natural isotopes.

Serve the first twelve guests, clean the plates, serve the remaining five. Now, assume that just
by chance, you have to compute the isotope distribution of some molecular formula EL′ but have
only stored the isotope distributions of molecular formulas E l for l = 1, . . . ,L, where L < L′; what
do you do? Again, the answer is quite simple: Rely as much as you can on what you have
previously computed; use a modified version of the Russian folding algorithm for the rest. This
results in Alg. 9.2.

1: function DISTRIBUTION(array P of isotope distributions, integer l)
2: isotope distributions Q =Q[0. . .nmax −1] and Q′ =Q′[0. . .nmax −1]
3: if l ≤ L then
4: return isotope distribution P[l]
5: end if
6: i ←bl/Lc; l′ ← l− iL
7: Q ← P[l′]
8: Q′ ← P[L]
9: while i > 0 do

10: if i is odd then
11: Convolute Q and Q′, store result in Q
12: end if
13: Convolute Q′ and Q′, store result in Q′

14: i ←bi/2c
15: end while
16: return isotope distribution Q
17: end function

Algorithm 9.2: What to do when too many guests arrive: Computing the isotope distribution
of E l for l > L. The two-dimensional array P has been computed during preprocessing. Here,
P[l] is the isotope distribution for molecular formula E l , for l = 1, . . . ,L. Each distribution P[l]
consists of nmax entries P[l,0], . . . ,P[l,nmax −1]. Convolute isotope distributions using (9.8).
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1: function ISOTOPEDISTRIBUTION(molecular formula CiCHiHNiNOiOPiPSiS)
2: distribution Q := PH[iH]
3: Fold Q and PC[iC], store result in Q
4: Fold Q and PN[iN], store result in Q
5: Fold Q and PO[iO], store result in Q
6: Fold Q and PS[iS], store result in Q
7: return isotope distribution Q
8: end function

Algorithm 9.3: Compute the isotope distribution of an arbitrary molecular formula with iE
atoms of element E, over the alphabet CHNOPS of elements. We assume that isotope distri-
bution PE[i] for molecular formula E l for all CHNOS have been precomputed.

Now, the algorithm for computing the actual isotope pattern of an arbitrary molecular for-
mula, becomes rather trivial, see Alg. 9.3: For molecules consisting of different elements, we first
compute or look up the isotope distributions of the individual elements. Then, we combine these
distributions by convolution in O(|Σ| · n2

max) time. There, we assume that isotope distribution
have been precomputed for all elements E ∈ CHNOS. Alternatively, these distributions can
be computed on the fly for E ∈ {C,H,N} using (9.5). Also, we can use Alg. 9.2 instead of directly
assessing the pre-computed distributions; we refrained from doing so solely for readability. Case
closed.

We now come to the more challenging problem of efficiently computing the mean peak masses
of a distribution. Doing so using the definition mn = E(X |Y = N+n) is highly inefficient, because
we have to sum up over all isotope species. Pruning strategies have been developed to speed up
computation [242], but pruning leads to a loss of accuracy [196]. We now present a simple
recurrence for computing these masses analogous to the convolution of distributions: Let Y =
Y1 + ·· · +Yl and Y ′ = Y ′

1 + ·· · +Y ′
L be isotope distributions of two molecules with monoisotopic

nominal masses N and N ′, respectively. Let pn := P(Y = N +n) and qn := P(Y ′ = N ′+n) denote
the corresponding probabilities, mn and m′

n the mean peak masses of the +n peaks. Consider
the random variable Z =Y +Y ′ with monoisotopic nominal mass N +N ′.

Theorem 2. The mean peak mass Mn of the +n peak of the isotope pattern for random variable
Z =Y +Y ′ can be computed as:

Mn = 1∑n
j=0 p j qn− j

·
n∑

j=0
p j qn− j

(
m j +m′

n− j

)
. (9.9)

The mean peak masses Mn must not be mixed up with the parent mass M from Chapter 2.
Note that

∑n
j=0 p j qn− j = P(Z = N + N ′ + n). Since by independence, P(Y1 = N1, . . . ,Yl = Nl) =∏

iP(Yi = Ni), the theorem follows by rearranging summands. A formal proof can be found in
Sec. 9.7.

The theorem allows us to “convolute” mean peak masses of two distributions to compute
the mean peak masses of their sum. This implies that we can compute mean peak masses as
efficiently as the distribution itself. This improves on the previously best known method [196],
replacing the linear running time dependence on the number of atoms by its logarithm.
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9.4 Sulfur and other mavericks

What is so special about sulfur, that we have to treat it different than the other elements? First,
look at the mass difference: The mass difference µ(13C)−µ(12C)= 1.003355 is larger than one, so
the isotope peaks of a carbon molecule are farther to the “right” than nominal masses suggest. In
contrast, µ(34S)−µ(32S)= 1.995796, so isotope peaks of a sulfur molecule are farther to the “left”
than nominal masses suggest. But nitrogen and even hydrogen also show strong deviations in
the mass difference of isotopes, and we do not treat them separately. So, what is special about
sulfur?

The answer is somewhat more subtle: Our assumption that an isotope peak is a superposition
of all isotope species with identical nominal mass, only holds if mass differences between
subsequent isotope species is small, or if intensities of outlier isotope species are very small.

See Table 9.2 for the isotope species of sucrose: There are seven isotope species with nominal
mass 344, ranging in mass from 344.120460 to 344.128769, an interval of 0.008309 Da width.
But the mass difference between any two subsequent isotope species is much smaller, namely
0.002465 at maximum. Now, this mass difference is below 1 ppm, and even though resolving
peaks is a matter of resolution (see Chapter 7) and not of mass accuracy, it should be easy to
believe that such peaks can easily “smear” into a single peak in a mass spectrum.

Now, let us the gedankenexperiment that the molecular formula contains an additional sulfur
with nominal mass 32 — what are the resulting isotope species with nominal mass 344+32 =
376? The isotope species that use the 32S sulfur isotope, are the same as those displayed in
Table 9.2, only shifted by 31.972071, and range from 376.092531 to 376.100840. The 33S isotope
of sulfur will result in several additional isotope species of low intensity, that we may ignore.
But the 34S isotope of sulfur results in a single isotope species with mass 376.084082, at distance
0.008449 Da to the closest isotope species.

[TODO: REPLACE GEDANKENEXPERIMENT BY SOMETHING REAL: SIMULATE ISOTOPE
SPECIES FOR A MOLECULE WITH AND WITHOUT SULFUR]

[TODO: DESCRIBE HOW TO FOLD TWO LISTS OF ISOTOPE SPECIES]

9.5 Isotope patterns of peptides

Obvious way: Compute molecular formula of the peptide, simulate the isotope pattern using the
methods from Sec. 9.3. It turns out that this is also the fastest method to do so.

Precompute isotope patterns for each amino acid – not a good idea, rather compute the
molecular formula first, than the isotope pattern. Needs about 3n2

max multiplications for
computing the isotope distribution. Directly folding the isotope patterns of each amino acid,
even if we store all of these distributions in memory, requires roughly 9.5n2

max multiplications
for the isotope distribution.

9.6 Isotope labeling

9.7 Formal proof of the folding theorem

For the sake of completeness, we now provide a formal proof of Theorem 2. The proof is very
simple in its essence, yet formally sophisticated. Readers not interested in the formal details
can safely skip this section.
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Let ~N = (N1, . . . , Nl) ∈Nl and ~N ′ = (N ′
1, . . . , N ′

L) ∈NL be vectors of nominal masses. We denote∑ ~N := ∑l
i=1 Ni and

∑ ~N ′ := ∑L
i=1 N ′

i. Let ~Y := (Y1, . . . ,Yl) and ~Y ′ := (Y ′
1, . . . ,Y ′

L) be vectors of the
input random variables, and note that

P(~Y = ~N, ~Y ′ = ~N ′)=P(~Y = ~N)P(~Y ′ = ~N ′)

due to the independence of the underlying random variables. Finally, we set λ(~N)=∑l
i=1λE i (Ni)

and analogously define λ(~N ′).
We can rewrite (9.3) for the mass of the +n peak as

P(Z = N +N ′+n) ·Mn = ∑
∑ ~N+∑ ~N ′=N+N ′+n

P(~Y = ~N, ~Y ′ = ~N ′) · (λ(~N)+λ(~N ′)
)
.

We observe that we can split this formula into two independent sums of the form∑
∑ ~N+∑ ~N ′=N+N ′+n

P(~Y = ~N, ~Y ′ = ~N ′) ·λ(~N) (9.10)

and a second summand where λ(~N) is replaced by λ(~N ′); we concentrate on (9.10) in the
following. Now, ∑

∑ ~N+∑ ~N ′=N+N ′+n

P(~Y = ~N, ~Y ′ = ~N ′) ·λ(~N)

=
n∑

j=0

∑
∑ ~N=N+ j

∑
∑ ~N ′=N ′+n− j

P(~Y = ~N)P(~Y ′ = ~N ′) ·λ(~N)

=
n∑

j=0

∑
∑ ~N=N+ j

P(~Y = ~N) ·λ(~N)
∑

∑ ~N ′=N ′+n− j

P(~Y ′ = ~N ′)

=
n∑

j=0

∑
∑ ~N=N+ j

P(~Y = ~N) ·λ(~N) ·P(Y ′
1 +·· ·+Y ′

L = N ′+n− j)

=
n∑

j=0
P(Y ′ = N ′+n− j)

∑
∑ ~N=N+ j

P(~Y = ~N) ·λ(~N)

=
n∑

j=0
qn− j p jm j

where the last equality follows from the definition of m j,

m j = 1
p j

∑
∑ ~N=N+ j

P(~Y = ~N) ·λ(~N).

Analogously, we can show that

∑
∑ ~N+∑ ~N ′=N+N ′+n

P(~Y = ~N, ~Y ′ = ~N ′) ·λ(~N ′)=
n∑

j=0
qn− j p jm′

j.

This concludes the proof of the theorem.
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9.8 Historical notes and further reading

The formalism and methods presented in this chapter follow the paper of Böcker, Letzel, Lipták,
and Pervukhin [29], but note that some variable names have been changed: Here, we use n, N
for the nominal masses of the molecule, whereas k is the size of the alphabet.

[TODO: WHAT ABOUT [114]?]
Back in 1991, Kubinyi [138] suggested to compute isotope distributions by convoluting isotope

distributions of “hyperatoms” using, in principle, the smart Russian algorithm from Alg. 9.1.
In the literature on simulating isotope distributions and patterns, one can find many con-

tributions by Alan L. Rockwood: Rockwood et al. [195] suggested to use mean peak masses
as the masses of isotope peaks. Later, Rockwood et al. [196] presented some validation of this
hypothesis, as well as an algorithm for computing mean peak masses, which is more complicated
and less efficient than the algorithm from Sec. 9.3. In 2006, Rockwood and Haimi [194] and
Böcker, Letzel, Lipták, and Pervukhin [27] independently came up with the algorithm presented
in Sec. 9.3.

A huge number of software packages have been developed for simulating isotope patterns
over time [1, 77, 216, 219]. At most, these programs offer means to visually compare a measured
spectrum with a simulated isotope pattern. Also, some authors appear to be unaware of methods
for swiftly simulating isotope distributions and patterns [27, 138, 194]. [TODO: CHECKEN,
SONST UNHOEFLICH]

We have seen in Chapter 2 that we often record the fragmentation pattern of a molecule,
to obtain additional information about its structure. Usually, only the monoisotopic peak is
selected for fragmentation, to simplify the interpretation of the fragmentation spectra. But what
if we select, say, the monoisotopic and the +1 peak for simultaneous fragmentation? Obviously,
the isotope distribution of fragments is not the isotope distribution of a “regular” molecule.
Somewhat surprisingly, it is not too complicated to simulate these isotope distributions, see
Rockwood, Kushnir, and Nelson [195] and Exercise 9.8. On the downside, simulating such
truncated isotope distributions requires considerably more time than the algorithms from
Sec. 9.3. In contrast, if one opens the parent mass window wide enough so that all “important”
isotope peaks are selected for fragmentation, then isotope distributions of fragments will follow
the isotope distribution as defined in Sec. 9.2. But this will increase the chance that besides
the isotope peak of the molecule of interest, other molecules may “sneak” into the fragmentation
process.

Masses of isotopes are taken the paper of Audi, Wapstra, and Thibault [5] and rounded to
six decimal places, see there for a complete table, and Wieser [233] for corrections. Isotope
abundances and atomic weight (average masses) taken from the paper of de Laeter et al. [54].
See de Laeter et al. [54] for the history of atomic-weight determination.

Warning: The masses given in this chapter are not meant for the use in computer programs,
but rather for the human reader. This might become an issue as soon as you want to analyze
spectra with mass accuracy below, say, 1 ppm. Instead, you should download masses with higher
mass accuracy from the Internet.4

Computations throughout this chapter use masses from Table 9.1. In contrast, Table 2.1 has
not been computed using Table 9.1 but instead, higher accuracy masses have been used. For
example, a cysteine residue has mass 103.009184 according to Table 2.1, whereas C3H5N1O1S1
has mass 103.009185 according to Table 9.1.

4http://
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See Table 9.5 for isotope masses of less abundant elements: These include fluorine (F, 9),
silicon (Si, 14), and zinc (Zn, 30). Boron (B, 5) is a trace mineral in humans, and is believed to be
involved in carbohydrate transport in plants. Chlorine (Cl, 17) is necessary for osmosis and ionic
balance, and important for pharmaceuticals. Copper (Cu, 29) is incorporated in certain proteins.
Selenium (Se, 34) is a micronutrient for animals and component of the non-proteinogenic amino
acid selenocysteine. Bromine (Br, 35) and iodine (I, 53) can be found in drugs and hormones; the
former is also important for pharmaceuticals. Tungsten (W, 74), also known as Wolfram, is an
essential nutrient for some organisms.

[TODO: CALCIUM UND EISEN SIND BIOLOGISCH AUCH NOCH WICHTIG.]

9.9 Exercises

9.1 Imagine a “sulfur-only” molecule — how large does this molecule have to be, so that
the +10 has intensity of more the 1%? This can be seen as a worst-case scenario. For
your computation, assume that sulfur has only two isotopes, namely nominal mass 34
with relative abundance 1− p = 0.0425, and nominal mass 32 with relative abundance p.
Estimate the required number of sulfur atoms using (9.4). Be reminded that the heavier
isotope of sulfur has nominal mass 34, not 33.

9.2 Write a program to simulate the isotope distribution of an arbitrary molecular formula
over the elements CHNOPS. Compute the isotope distribution of sucrose, and verify your
result using Table 9.3.

9.3 Verify your calculations from Exercise 9.1 using the program from Exercise 9.2.

9.4 We noted above that amongst all entries in the KEGG COMPOUND database (release
42.0) with elements CHNOPS and mass below 3000 Da, not a single molecule has intensity
of the +10 peak larger than 0.007%. But that version of the database is totally outdated
by now — possibly, there are new molecular formulas in the current release that have +10
peaks of higher intensities?

9.5 A peptide s ∈ Σ∗ is said to be pure if it is made from repetitions of a single amino acid,
s = xl for some x ∈Σ. Find the pure peptide with intensity of the +10 peak larger than 1%
such that µ(s) is minimum.

9.6 Let s ∈ Σ∗ be any peptide with intensity of the +10 peak larger than 1% such that µ(s) is
minimum. This peptide is not necessarily pure. Argue why its mass will be close to the
mass calculated in the previous exercise.

9.7 In Alg. 9.1 (the smart Russian convolution) you can get rid of two convolutions — how?

9.8? Assume that not only the monoisotopic peak is picked for fragmentation, but also +1 and
+2 peaks. Now, fragments will show a truncated isotope pattern, which is obviously not
the full isotope pattern. Let fp, f be the molecular formulas of the parent molecule and
the fragment, and choose f ′ such that f + f ′ = fp. (Here, f ′ is the neutral loss, compare
to Chapter 13.) Let Y ,Y ′, Z be the random variables for f , f ′, fp, and let N, N ′, Np be
the corresponding nominal masses. Assume we have picked peaks 0, . . . ,nmax −1 from the
parent isotope distribution, or a subset thereof. Then, we can limit our calculations to

108



DRAFT

9 Isotope Distributions and Isotope Patterns

element (symbol) AN isotope abundance% mass (Da) av. mass (Da)
boron (B) 5 10B 19.9∗% 10.012937

11B 80.1∗% 11.009305 10.811
fluorine (F) 9 18F 100% 18.000938 18.000938
silicon (Si) 14 28Si 92.223% 27.976927

29Si 4.685% 28.976495
30Si 3.092% 29.973770 28.0855

chlorine (Cl) 17 35C 75.76% 34.968853
37C 24.24% 36.965903 35.453

calcium (Ca) 20 40Ca 96.941% 39.962591
42Ca 0.647% 41.958618
43Ca 0.135% 42.958767
44Ca 2.086% 43.955482
46Ca 0.004% 45.953693
48Ca 0.187% 47.952534 ??

iron (Fe) 26 54Fe 5.845% 53.939611
56Fe 91.754% 55.934937
57Fe 2.119% 56.935394
58Fe 0.282% 57.933276 ??

copper (Cu) 29 63Cu 69.15% 62.929597
65Cu 30.85% 64.927789 63.546

zinc (Zn) 30 64Zn 48.268% 63.929142
66Zn 27.975% 65.926033
67Zn 4.102% 66.927127
68Zn 19.024% 67.924844
70Zn 0.631% 69.925319 65.409

selenium (Se) 34 74Se 0.89% 73.922476
76Se 9.37% 75.919214
77Se 7.63% 76.919914
78Se 23.77% 77.917309
80Se 49.61% 79.916521
82Se 8.73% 81.916699 78.96

bromine (Br) 35 79Br 50.69% 78.918337
81Br 49.31% 80.916291 ??

iodine (I) 53 127I 100% 126.904473 126.904473
tungsten (W) 74 180W 0.12% 179.946704

182W 26.50% 181.948204
183W 14.31% 182.950223
184W 30.64% 183.950931
186W 28.43% 185.954364 183.84

Table 9.5: Natural isotope abundances of elements less frequent in biomolecules. ‘AN’ is atomic
number. Masses rounded to six decimal places. *Distribution of boron shows a strong
variation, depending on where the sample is taken.
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the first nmax peaks of the truncated fragment distributions — explain why. We define a
matrix C[0. . .nmax −1,0. . .nmax −1] by

C[i, j] :=P(Y = N + i) ·P(Y ′ = N ′+ j).

Then, P(Z = Np + n) = ∑n
j=0 C[ j,n− j] holds. Describe an algorithm that computes the

truncated isotope distribution of fragment f using matrix C and the above equation.

9.9?Try to estimate the abundances of CHNOPS from some database for peptide mass spectra
— [TODO: HOW?]
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ASSUME that we have measured an isotope pattern, and we want to find those molecular
formulas that show the highest similarity the measured pattern, over some fixed alphabet

of elements. Note that the formal definition of “isotope pattern” is, to a certain extend, depending
on the application and the used MS technique, see Sec. 9.2 and 9.4. Unfortunately, decomposing
an isotope pattern is a somewhat ill-post problem, and we are not aware of any practical
approaches that directly address this problem. Instead, we circumvent the problem, similar
to the two-step strategy proposed in Sec. 8.4: First, we filter the set of molecular formulas
to a manageable subset, using only one or few features of isotope patterns, in particular the
monoisotopic mass. This leaves us with a set of candidate molecular formulas. The first step
is not meant to differentiate between the candidates; its only purpose is to quickly generate
a candidate set of manageable size. In the next step, we evaluate the candidates using the
isotope patterns: As we now have a candidate molecular formula, it is an easy task to simulate
the corresponding isotope pattern using methods from Sec. 9.3, and to compare the simulated
isotope pattern against the the measured one, comparable to a database search. The candidate
with the best match against the measured isotope pattern is the output of our method, and
hopefully the correct answer.

High mass accuracy, as required throughout this chapter, is nowadays available from a
multitude of MS platforms, such as Fourier Transform Ion Cyclotron Resonance (FR-ICR) MS,
Orbitrap MS, or orthogonal Quadrupole Time-of-Flight (QTOF) MS. As a rough estimate, QTOF
MS reaches a mass accuracy of 10 ppm or better; Orbitrap reaches 1 ppm or better; and FT-ICR
measurements can have mass accuracy well below 0.1 ppm. These numbers are only rules of
thumb of what one can expect from a “decently modern” instrument of this type in an ordinary
lab on an ordinary day, different from the “annecdotal mass accuracy” mentioned in Sec. 4.2.

Our input is a list of masses M0, . . . , Mnmax with intensities f0, . . . , fnmax , normalized such that∑
i f i = 1. We assume that these have been extracted from a mass spectrum in a preprocessing

step, and that they correspond to the isotope pattern of a single sample molecule. Note that,
for molecular mixtures, separating isotope peaks that belong to different molecules is trivial in
almost all cases. Our goal is to find the molecular formula whose isotope pattern best matches
the input.

Even though MS instruments record ions, we will mostly consider neutral molecules in our
presentation. This simplifies matters, but does not restrict the method in any way: Assume
that the molecular ion caries a single positive charge through a proton. Then, subtract the
proton mass before applying the mass decomposition algorithm in Sec. 10.1; and for all candidate

Figure 10.1: Decomposing isotope patters using a two-step approach: First, molecular formulas
are filtered using the monoisotopic mass of the compound. Second, candidate
molecular formulas are filtered using the full isotope pattern. [TODO: FIGURE 2
FROM KIND AND FIEHN, 2006, MODIFIED]
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molecular formulas, convolute the isotope pattern with that of a H + before comparing the result
to the measured isotope pattern, see Sec. 10.2. [TODO: THE OLD QUESTION: ONLY THE
MONOISOTOPIC PROTON, OR THE ISOTOPE DISTRIBUTION OF HYDROGEN?] See Sec. 10.4
for further details, also regarding multiple charges.

In the MS literature, authors sometimes normalize peak intensities so that the largest peak
has intensity one, that is, maxi f i = 1. But this contradicts our intuition that these intensities
correspond to isotope distributions which, by definition, sum up to one. On the other hand,
a disclaimer is required at this point: The measured peaks correspond to a truncated isotope
pattern, as peaks with intensity below a certain threshold will not be reported by the peak
picking software. We have seen that isotope distributions tend to “deteriorate quickly”, see for
example the isotope distribution of sucrose in Table 9.3 on page 99. This is not a proven fact,
and must be handled with care. To solve this dilemma, we will instead truncate our theoretical
isotope distributions, too.

What about peptides, that is, decomposing over the alphabet of amino acids? As we will see in
Sec. 10.6, it is not a clever idea to decompose over this alphabet directly. The amino acid alphabet
is simply too large, leading to a huge number of decompositions with identical molecular formula
and, hence, identical simulated isotope patterns. Instead, we propose another two-step strategy:
First, decompose the isotope pattern into a molecular formula. Then, decompose the molecular
formula over the alphabet of amino acids. In contrast, one can directly decompose over small
alphabets: For glycans, we can often assume a small alphabet with only three or four simple
sugars, see Chapter 14.

10.1 Decomposing real numbers

We now come back to the problem of decomposing a real number, namely, the monoisotopic
mass M0. In Chapter 3 we have seen how to efficiently decompose integers, and we want to
utilize these methods to do the same thing for real numbers. When decomposing real numbers,
we have to take into account the inaccuracy of MS measurements: We want to find all molecules
with monoisotopic mass in the interval [l,u] ⊆ R where l := M0 − ε and u := M0 + ε for some
measurement inaccuracy ε. Formally, we search for all solutions of the equation

a1c1 +a2c2 +·· ·+ancn ∈ [l,u], (10.1)

where a1, . . . ,an are the real-valued monoisotopic masses of elements. We search for all
compomers c = (c1, . . . , cn) satisfying (10.1) or, equivalently, µ(c) ∈ [l,u]. Here, l is the lower
bound and u is the upper bound of masses we are interested in. Searching for compomers c with
µ(c) = M0 does not make sense in the real-valued setting: This set is practically always empty.
Again, we may assume a1 < a2 < ·· · < an.

A straightforward solution to this problem, is to enumerate all vectors c with c1 = 0 and∑
j a j c j ≤ u, and next to test if there is some c1 ≥ 0 such that

∑
j a j c j ∈ [l,u]. For readability,

we will omit the limits of the sum in case these limits are obvious: Here, j = 1, . . . ,k. We can do
so by nesting |Σ|−1 FOR-loops. An algorithm that works for an alphabet of arbitrary size, and
avoids the nasty nesting, is given in Alg. 10.1. This results in Θ(M0

k−1) running time, which is
acceptable in applications if you want to decompose only a few numbers. But often, you want to
use the decomposition algorithm as a subroutine of a larger algorithm, see for example Chapters
13 and 14. Then, this subroutine might be executed thousands of times. Here, improving the
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1: procedure FINDALLNAIVE(real-valued lower bound l, upper bound u)
2: compomer c ← 0
3: mass M ← 0
4: integer i ← 1
5: while i ≤ k do
6: for c1 ←d l−M

a1
e,d l−M

a1
e+1, . . . ,b u−M

a1
c do . this loop may be empty

7: Output c
8: end for
9: M ← M+a2; c2 ← c2 +1; i ← 2

10: while M > u and i ≤ k do
11: M ← M− ciai; ci ← 0 . clear less significant “digits”
12: i ← i+1 . increas next “digit”
13: if i ≤ k then
14: M ← M+ai
15: end if
16: end while
17: end while
18: end procedure

Algorithm 10.1: Naïve algorithm for enumerating all compomers c with µ(c) ∈ [l,u]. Constants
a1, . . . ,ak are the real-valued masses.

running time from one second to one millisecond, will have a large impact on the overall running
time of the algorithm: For our example, running time is decrease by more than 16 minutes.

Alternatively, we can compute all potential decompositions up to some upper bound U during
preprocessing, sort them with respect to mass and use binary search; this results in Θ(Uk) space
requirement, but only requires k logU time for searching, using binary search. Both approaches
are unfavorable in theoretical complexity as well as in practice: For the elements CHNOPS there
exist more than 7 ·109 molecular formulas with mass below 1500 Da. It is somewhat stupid to
dedicate many Gigabytes of memory to a subroutine, when the same problem can be solved with
about one Megabyte.

Finally, note that all estimates are for the CHNOPS alphabet of elements: We are facing
a combinatorial explosion if we add only two or three more elements. Recall that Table 9.5
on page 109 lists many of these “somewhat rare” elements that, depending on the application
you have in mind, have to be added to the alphabet: For example, you should consider halides
such as chlorine or bromine as part of your alphabet if you are analyzing pharmaceutical small
molecules, see Chapter 13.

In the remainder of this section, we transform the enumeration problem with real-valued
masses into a problem instance with integer masses. We already noted that we can transform
real-valued masses to integer masses by multiplying all masses with a large constant, and
rounding the results. We now formalize this idea: Choose a blowup factor b ∈ R, we can round
coefficients by ϕ(x) := dbxe, where d·e denotes the ceiling function for rounding up. Note that
we deliberately do not round to the nearest integer, as this will make our algorithms simpler to
understand. A blowup factor b corresponds to precision 1/b in our calculations. This precision
1/b is merely a parameter of the decomposition algorithm and, in principle, independent of the
measurement mass accuracy ε. To avoid rounding error accumulation, precision is usually set
an order of magnitude smaller than the measurement accuracy, but larger precisions might —
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somewhat counterintuitively — result in decreased running times. We will come back to this
issue at the end of the section.

We transform all real-valued masses a1, . . . ,ak into integer masses a′
i :=ϕ(ai)= dbaie, and we

also calculate integer bounds l′ := ϕ(l) and u′ := ϕ(u). We want to find all compomers c with
µ′(c) ∈ [l′,u′] over the integer alphabet Σ = {a′

1, . . . ,a′
k}, where µ denotes the weighting function

for integer weights. This can be achieved by iterating M = l′, . . . ,u′ and enumerating all c with
µ′(c)= M for each M. In Sec. 3.5 and 3.6, we have presented two methods for efficiently solving
such instances.

Does this already solve our problem? Obviously not: certain solutions c of the integer mass
instance are no solutions of the real-valued mass instance, and vice versa. In other words, there
might be compomers c with integer mass µ′(c) ∈ [l′,u′] but real-valued mass µ(c) ∉ [l,u]. These
are false positive solutions (see Chapter 5) as we would wrongly report them when solving the
integer instance. We can easily sort out false positive solutions by checking (10.1) for every
decomposition c, resulting in additional running time. On the other hand, there might be
compomers c with integer mass µ′(c) ∉ [l′,u′] but real-valued mass µ(c) ∈ [l,u]. These are false
negative solutions as we would wrongly omit them when solving the integer instance. We now
concentrate on the more intriguing problem of false negative solutions.

Clearly,
∑

j a j c j ≥ l implies
∑

j a′
j c j ≥ l and, since all a′

j are integer, also
∑

j a′
j c j ≥ l′. This

implies that we do not have to change the lower bound l′. On the other hand, we have to
increase the upper bound u′ to guarantee that all solutions of (10.1) are generated. We define
relative rounding errors

∆ j =∆ j(b) := dba je−ba j

a j
for j = 1, . . . ,n, ∆=∆(b) :=max j{∆ j}, (10.2)

and note that 0≤∆ j ≤ 1
a j

. We claim:∑
j a j c j ≤ u implies

∑
j a′

j c j ≤ bu+∆u (10.3)

So, assume that
∑

j a j c j ≤ u holds. Our claim follows from∑
j a′

j c j =
∑

j ba j c j +
∑

j(a
′
j −ba j)c j

= b
∑

j a j c j +
∑

j(a
′
j −ba j)c j

≤ bu+∑
j(a

′
j −ba j)c j

= bu+∑
j
dba je−ba j

a j
a j c j

= bu+∑
j∆ ja j c j

≤ bu+∆∑
j a j c j ≤ bu+∆u.

Alg. 10.2 shows how to decompose a real-valued mass. Line 8 of the algorithm assures that we
will never output any false positives, and Eq. (10.3) guarantees that this algorithm will never
miss a decomposition.

Can we save some time by slightly decreasing the new upper bound bbu+∆uc? It turns out
that this is not possible: The new upper bound is tight, that is, no smaller bound can be chosen.
For every real-valued alphabet, we can find an arbitrary number of compomers c and upper
bounds u, such that µ(c) ≤ u but µ′(c) = bbu+∆uc. To this end, assume that ∆ = ∆ j for some
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1: procedure FINDALL(real-valued lower bound l, upper bound u)
2: a′

j := dba je for j = 1, . . . ,k
3: l′ := dble
4: u′ := bbu+∆uc . increased bound, to avoid false negatives
5: for M = l′, . . . ,u′ do
6: Enumerate all compomers c with µ′(c)= M over the alphabet a′

1, . . . ,a′
k

7: for each compomer c with µ′(c)= M do
8: if µ(c)≥ l and µ(c)≤ u then . remove false positives
9: Output c

10: end if
11: end for
12: end for
13: end procedure

Algorithm 10.2: Smart algorithm for enumerating all compomers c with µ(c) ∈ [l,u]. Constants
a1, . . . ,ak are the real-valued masses. Blowup factor b is a constant, and ∆ is computed
from (10.2). The integer masses a′

1, . . . ,a′
k are also constant, and line 2 is only meant to remind

the reader of their definition.

element E with index j. Then, molecule E l will have mass u := la j whereas the integer mass is
u′ := la′

j; we calculate

u′−bu = la′
j −bla j = l

(dba je−ba j
)= la j

dba je−ba j

a j
= la j∆ j = u∆.

Now, µ(E l)= u′ = bbu+∆uc as claimed.
As indicated, increasing the upper bound forces us to decompose a larger number of integer

masses: Without rounding correction we have to decompose about (u− l)b integer masses, but
rounding correction forces us to decompose an additional ∆u integer masses, independent of the
interval size u−l. (For readability, we have ignored the effect of rounding when estimating these
numbers, as this has a negligible impact.) This appears to be somewhat unfortunate: Even if
δ is very small, the number of integers we have to decompose is linear in the mass M0 of the
measurement. But we should keep in mind that mass accuracy gets worse with increasing mass,
and is measured as a relative value such as α = 10 ppm = 10−5, see Sec. 4.2. So, the absolute
accuracy is itself a linear function in M0, ε(M0) :=α ·M0. The number of integer masses we have
to decompose, then becomes roughly (2αb+∆)M0. Also, be reminded that the running time for
decomposing integer masses (Algorithm 3.4) is dominated by the number of decompositions of
these integers, and not by the number of integers itself.

Example 10.1. Consider the weighted alphabet of elements Σ = CHNOPS and blowup factor
b = 105. Using masses from Table 9.1, we compute

∆C(b)= 0 ∆H(b)= 0.4961 ∆N(b)= 0.0428

∆O(b)= 0.0313 ∆P(b)= 0.0258 ∆S(b)= 0.0281

where ∆x(b) denotes the relative rounding error of character x ∈ Σ. So, ∆(b) = ∆H(b) = 0.4961.
Assume that we want to decompose the real-valued mass M0 = 1000. For mass accuracy 10 ppm
we have ε = 0.01 and u − l = 0.02. Then, we have to decompose an additional 496 integers,
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independent of the mass accuracy. We calculate l′ = 99999000 and u′ = 100001000. In total, we
have to decompose 2497 integer masses, instead of 2001 without correction.

Algorithm 10.2 tells us how to decompose any interval of real numbers; the only parameter
of this approach that we have not considered, is the blowup factor b. Be reminded that
independent of the choice of b, Algorithm 10.2 will never miss a molecular formulas, or produce
a false positive. In application, you would choose b “reasonable”: It should not be too small,
taking into account the anticipated mass accuracy of the instrument. Otherwise, many integer
decompositions will be computed in vain, and have to be discarded by line 8 of the algorithm. On
the other hand, it should not be too large: Even though computers have Gigabytes of memory
these days, accessing this memory is significantly slower than accessing the processor cache,
just like accessing the hard disk is significantly slower than accessing the internal memory. In
application, a comparatively small b appears to be a good choice, so that the Extended Residue
Table of Algorithm 3.4 uses less than one Megabyte of memory; recall that the size of this table
is O(kdba1e). For decomposing molecular formulas, b = 5 ·104 is quite reasonable [29].

We will now look at “good choices” for parameter b: Such blowup factors will result in a
small quotient ∆(b)/b of additional integers we have to decompose. Note that we write ∆(b)
here, to stress that ∆ actually depends on the chosen blowup. We have to decompose a total of
(2αb+∆(b))M0 integer masses, and ∆(b)M0 of these are decomposed because of our rounding
technique. We want to minimize the relative number of integers that have to be decomposed in
addition, being

∆(b)M0(
2αb+∆(b)

)
M0

= ∆(b)
2αb+∆(b)

, (10.4)

and this number is minimum if ∆(b)/b is minimum. You can easily see this if you try to maximize
the (multiplicative) inverse of (10.4).

See, for example, Example 10.1: Choosing b = 105 seems to be a bad idea as ∆H À ∆x for
x ∈ {C,N,O,P,S}. It turns out that for the alphabet CHNOPS, choosing an optimal blowup factor
has a rather negligible impact on running times [29]. Still, the impact might be significant for
other applications.

Suppose that memory considerations imply a maximum blowup factor of B ∈ R. We want
to find b ∈ (0,B] such that ∆(b)/b is minimized. We can explicitly find an optimal such b by
constructing the piecewise linear functions ∆ j(b) := 1

a j
(dba je − ba j) with da jBe + 1 sampling

points, for all j = 1, . . . ,k. Next, we set ϕ1 ≡ ∆1 and for j ≥ 2, we define ϕ j as the maximum
of ϕ j−1 and ∆ j, a piecewise linear function with O

(
(a1+·· ·+a j)B

)
sampling points. Then, ∆≡ϕk

is a piecewise linear function with O
(
(a1 + ·· · + ak)B

)
sampling points. We can construct ∆ in

time O(k(a1 +·· ·+ak)B)=O(k2akB). For every piecewise linear part I ⊆R of ∆ the minimum of
∆(b)/b must be located at the terminal points, so it suffices to test the O(kakB) sampling points
of ∆ to find the minimum of ∆(b)/b.

10.2 Evaluating molecular formulas

Now that we have filtered down to a few (possibly, still tens of thousands of) molecular formulas,
we want to evaluate them, as proposed in Sec. 8.4. Here, our advantage is that we do not only
know something about the presence or absence of certain peaks — in fact, isotope patterns are
rater boring with this respect, as all of them contain a string of peaks at about one Dalton
distance — but we also have a clear idea of the masses and intensities of these peaks. Note that
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matching peak pairs between the measured spectrum and each reference spectrum is mostly
trivial, because in both cases we have a string of peaks mentioned above. The only possible
exception is sulfur and other “maverick” elements, see below.

A particularly important aspect that we have to consider in this section, is speed: As noted
above, we might evaluate ten thousands of candidates for a single isotope pattern; and our
MS measurement may contain ten thousands of such patterns. So, it makes a difference if we
speed up our evaluation algorithm from 1 milisecond to 0.1 miliseconds, to evaluate a candidate
molecular formula.

As we have a precise idea of what our measured spectrum should look like, given that some
reference spectrum is the correct explanation, we do not use a general scoring schemes, see
Sec. 4.2. Instead, we build a “custom-made” scoring, as suggested in Sec. 4.5. We want to use
Bayesian Statistics to evaluate mass spectra matches:

P(Mi|D,B)= P(Mi|B) ·P(D|Mi,B)∑
iP(Mi|B)P(D|Mi,B)

(10.5)

where D is the data (the measured spectrum), Mi are the models (the candidate molecules), and
B stands for any prior background information. Probabilities P(Mi|D,B) are called posterior
probabilities, whereas P(D|Mi,B) are conditional probabilities. At the end of our analysis, we
will sort molecular formulas (i.e. the models) with respect to posterior probabilities P(Mi|D,B),
and choose the one with highest posterior probability as the most likely explanation of the data.

Eq. 10.5 is an example of a naïve Bayes classifier, and such classifiers have been successfully
used for numerous applications, we mention “spam filtering” as a prominent example. Eq. 10.5
allows us to compute the probability of each model (given the data), using the probability of the
data, given each model.

What does “background information” mean? This is anything we know about molecular for-
mulas without looking at the data: For example, certain molecular formulas such as H200 cannot
correspond to an actual molecules. We will come back to this issue in the next section; for the
moment, we set the prior probability P(Mi|B) to zero for all molecules but the decompositions
of the monoisotopic mass, and assume that all decompositions have identical prior probability.
Note that we have slightly stretched the definition, by including the monoisotopic mass in the
background information.

We now iterate over all models, and concentrate on a particular model M as our candidate
molecular formula. As we will see in Sec. 10.4, there is only one thing left for us to compute: This
is the conditional probability P(D|M ,B), the probability of the data given the model. To compute
this probability, we have to make some assumptions regarding independence: We assume that
for each peak, the random mass error is independent of other peaks’ mass errors as well as
intensities; for each peak, we assume that the random intensity error is independent of other
peaks’ intensity errors as well as masses; and, we assume that both are independent from the
background information. These are quite reasonable assumptions (compare to Sec. 4.2) with
three exceptions:

1. As noted in Sec. 4.2, mass errors also have a systematic component.

2. One can observe that mass errors get larger as peak intensities get smaller; for small
peaks that are almost “lost in the noise”, it gets much harder for the peak picking software
to pick the correct mass.

3. Obviously, peak intensities are correlated, as all peak intensities have to sum up to one.
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The first problem will, at least in part, be addressed below; the second can be easily addressed;
but there appears to be no simple way to deal with the last. Still and all, we assume
independence, so that we can swiftly calculate a conditional probability estimate. We reach:

P(D|M ,B)=
nmax∏
j=0

P(M j|m j) ·
nmax∏
j=0

P( f j|p j). (10.6)

Here, P(M j|m j) is the probability to observe peak j at mass M j when, according to model M ,
its true mass is m j; and P( f j|p j) is the probability to observe peak j with intensity f j when,
according to the model, its true intensity is p j.

Scoring peak masses is pretty much done as described in Sec. 4.2, we swiftly recall the details.
As noted there, the mass error is roughly normally distributed with mean zero. The mass
accuracy α of the instrument is given as a parameter, such as α = 10 ppm = 10−5. We assume
a standard deviation of σmass := 1

3αM0 for peak masses, assuming that more than 99.7% of
measurements fall into the specified mass range. Note that measured masses M0, . . . , Mnmax are
so similiar, that one standard deviation should do the job. One can also take into account that
weak peaks have worse mass accuracy then strong peaks, using an individual mass accuracy for
each peak; we omit the details. We estimate the probability that of observing a mass difference
of

∣∣M j −m j
∣∣ or larger as:

P(M j|m j)= erfc
( ∣∣M j −m j

∣∣
p

2σmass

)
= 2p

2π

∫ ∞

z
e−t2/2dt (10.7)

with z := |M j−m j|
σmass

, for j = 0, . . . ,nmax. Compare to (4.5) on page 63.
But even for MS with high mass accuracy, spectra can show a systematic mass shift due to

calibration inaccuracies. We can easily eliminate this shift for all masses but the monoisotopic
mass: We do not compare masses of the +1,+2, . . . peaks directly but instead, difference to the
monoisotopic peak, M j −M0 vs. m j −m0:

P(M j|m j)= erfc
( ∣∣M j −M0 −m j +m0

∣∣
p

2σmass

)
(10.8)

for j = 1, . . . ,nmax. Note that P(M0|m0) is still computed using (10.7) directly. Recall from
Exercise 4.6 that from a mathematical standpoint, we would have to assume an increased
standard deviation of

p
2σmass; but from an MS perspective, we should rather stick with

standard deviation σmass, as the difference between the masses is very small.
Different from mass inaccuracies, much less is known about the distribution of intensity

inaccuracies. For the sake of simplicity, we assume that intensity errors are also normally
distributed; this will allow us to swiftly compute the required probabilities for (10.6). But
different from mass errors, we will not use absolute intensity errors in our computations, but
instead intensity ratios: If a peak is twice as high as we expect it too be, that is a bad thing,
even if the absolute error is small. So, let us assume that log ratios between measured and
predicted peak intensity log( f j/p j) follow a normal distribution. What we want to calculate, is
the probability that an intensity ratio “at least as lopsided” as the one we have recorded, might
come up by chance: Set r := max{ f j/p j, p j/ f j} ≥ 1, then we want to estimate the probability that
a intensity ratio outside the interval [1/r, r] occurs by chance.

We assume that a “intensity precision parameter” β is provided by the user; for example,
β= 10% means that we expect 99.7% of all intensity ratios to fall into the range [ 1

1+β ,1+β] or,
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equivalently, that 99.7% of all log intensity ratios fall into the range [− log(1+β), log(1+β)]. We
set σint := 1

3β. Analogously to (10.7), we estimate the probability of observing a peak intensity
ratio at least as lopsided as the one we have observed, as:

P( f j|p j)= erfc
( ∣∣log( f j/p j)

∣∣
p

2σint

)
= 2p

2π

∫ ∞

z
e−t2/2dt (10.9)

with z := |log( f j /p j)|
σint

, for j = 0, . . . ,nmax.
This concludes our calculation of the conditional probability P(D|M ,B); the missing prior

probability P(M |B) is covered in the next section.

10.3 Integrating chemical knowledge

We will now take a closer look at chemical restrictions for the molecular formulas we are
generating: These should correspond to some molecular, after all. It turns out that molecular
formulas that can be found in databases such as PubChem, follow certain rules which can be
used to filter out those that are “very unlikely”. Here, we propose a different approach: As we
have generated all molecular formulas anyways, there is no need for setting a hard threshold.
Instead, molecular formulas that are somewhat unlike because of their “abnormal” composition,
will simply be penalized through the prior probability. In the following, we are looking at the
molecular formula of the neutral molecule, not at the molecular formula of the ion.

First, let us have a look at the molecule graph of the unknown molecule: This graph should be
connected, so that we are truly looking at a single molecule. We also assign prior probability zero
to molecular formulas that cannot correspond to a molecule, because of chemical considerations:
Senior’s third theorem states that the sum of valences has to be greater than or equal to twice
the number of atoms minus one [207]. Molecules violating Seniors third theorem are rare,
particularly for natural compounds: less than 0.16% of substances in the KEGG COMPOUND
database [124] (again release 42.0) violate this rule. We also filter out radicals with odd sum of
valences.

List further rules from Kind and Fiehn [137], warning: this might rather reproduce what is
already known.

Here comes the next warning: We must not use the empirical distributions of, say, the hetero-
to-carbon ratio directly, in order to compute a prior probability. These “distributions” only
describe what is found in some molecule databases. There is no information attached to that
database how frequently each particular molecular formula is found in an MS experiment; in
particular, there is no information in there about the experiment that you are analyzing. It
might be that certain hetero-to-carbon ratios are quite common in the database, whereas the
corresponding molecules are extremely rare in experiments. It might also be that you are looking
at a particular class of biomolecules that has hetero-to-carbon ratios quite different from what
you find in databases.

We want to circumvent these problems but, at the same time, we want to use the fact that
certain hetero-to-carbon ratios are extremely rare. For this, I propose a heuristic approach that
has no formal justification, besides the fact that it makes some sense, in the “common sense”
meaning of the word. Let us, again, concentrate on hetero-to-carbon ratios. Assume that 99.9%
of the molecules in the databases have hetero-to-carbon ratio in the interval [a,b], only 0.05%
have a ratio smaller than a, and only 0.05% have a ratio larger than b: These molecules should
not be affected by the prior, as apparently, there is quite a large number of molecules that have
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hetero-to-carbon ratios being even more lopsided. Assume that only 0.005% of the molecules
have a ratio below a′, and only 0.005% have a ratio above b′: These molecules are somewhat
“too lopsided”, but molecular formulas with such a ratio can quite possibly still be true. Let

f (x) := exp(−1
2 x2)

be the Gaussian function,1 and note that f (0) = 1 and f (±p8ln2) = 1
2 . Now, build a function g

as follows:

g(x) :=


f
(

x−ap
8ln2·(a−a′)

)
for x ≤ a

1 for a < x < b

f
(

x−bp
8ln2·(b′−b)

)
for x ≥ b

(10.10)

One can easily check that this is a continuous function, and that

g(a′)= f
(−(a−a′)/

p
8ln2(a−a′)

)= f (−
p

8ln2)= 1
2

and, similarly, g(b′)= 1
2 .

Pellegrin [185]
[TODO: RADICALS? OTHER SENIOR’S THEOREM?]

10.4 Wrapping it up

We have almost everything in place to “decompose” isotope patterns: We can decompose the
monoisotopic mass; for a candidate molecular formula, we can easily simulate its isotope
pattern; we can evaluate the simulated isotope pattern using Bayesian statistics; and, we know
how to estimate prior probabilities for each candidate molecular formula. But what about the
denominator

∑
iP(Mi|B) ·P(D|Mi,B) in (10.5)? It turns out that we do not have to compute this

sum, the reason being as follows: Let M1, . . . ,Ml be the models (candidate molecular formulas)
to choose from. Then,

l∑
i=1

P(Mi|D,B)= 1

must hold: As we have no other models that might explain the data, one of them must be true,
and their posterior probabilities must sum to one. But this means that we can simply normalize
the products P(Mi|B) ·P(D|Mi,B) we have calculated for the different models: Let

c :=
l∑

i=1
P(Mi|B) ·P(D|Mi,B)

then
∑

iP(Mi|B) ·P(D|Mi,B)= 1/c must hold.
In the introduction of this chapter, we suggested the following analysis procedure: Assume

that your molecular ion carries a certain adduct ion, such as H +, sodium Na +, or potassium K +.
Then, subtract the proton mass before applying the mass decomposition algorithm; and for all
candidate molecular formulas, convolute the isotope pattern with that of the adduct ion before
comparing the result to the measured isotope pattern. If you do not know the correct adduct ion,
then repeat the analysis for all potential adduct ions, and output the pair (molecular formula,
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1: procedure DIP(intensities f0, . . . , fnmax , masses M0, . . . , Mnmax , set A )
2: Init psum ← 0
3: Empty list L

4: for each adduct ion a ∈A do
5: M ← f0 −µ(a) . monoisotopic mass of adduct
6: l ← M−αM; r ← M+αM . mass range to decompose
7: FINDALL(l,r) with output C being a list of compomers over Σ
8: for each compomer (molecular formula) c ∈C do
9: Compute prior probability pprior of c,a

10: Simulate isotope pattern p0, . . . , pnmax and m0, . . . ,mnmax of c+a
11: Compute conditional probability pcond of c+a from (10.6)
12: Add (c,a, pprior · pcond) to L

13: psum ← psum + pprior · pcond
14: end for
15: end for
16: for each (c,a, p) ∈L do . normalize posterior probabilities
17: Replace (c,a, p) by (c,a, p/psum) in L

18: end for
19: Sort L with respect to third entry
20: end procedure

Algorithm 10.3: Decomposing an isotope pattern f0, . . . , fnmax and M0, . . . , Mnmax of a single-
charged ion, where A is the set of potential adduct ions. Additional parameters are the fixed
alphabet Σ of elements, the mass function µ : Σ∪A → R, mass accuracy α > 0, and intensity
accuracy β> 0.

adduct ion) that scored best among all adduct ions and all moleular formulas. We have wrapped
up things in Algorithm 10.3.

What about multiple charges? As noted in Chapter 7, it is mostly trivial to derive the charge
state from the isotope pattern. Then, subtract “adduct mass times charge state” from the
monoisotopic mass; multiply this mass by charge state; decompose the resulting mass; for all
candidate molecular formulas, convolute the simulated isotope pattern with the multiple adduct
isotope pattern, and devide all masses by the charge state. If you have a set of adduct ions to
choose from, you have to iterate over all combinations of adduct ions. Algorithmically, this is
somewhat trivial, but adds another “layer of obscurity” to our algorithms; so, we have ignored
charge states in Algorithm 10.3 for the ease of presentation.

10.5 On the number of molecular formulas over CHNOPS

The lesson to be learned from the above figures is simple: Even if we have an excellent MS
instrument with mass accuracy 1 ppm or below (recall the difference between “anecdotal mass
accuracy” [248] and everyday mass accuracy), the number of decompositions becomes large as
masses exceed 1000 Da — even for the small alphabet of elements CHNOPS. This means that

1I use the Gaussian function here solely because it has certain nice “mathematical properties”; no connection to
a Normal distribution is intended or should be assumed. Any similarity to actual persons, living or dead, or to
actual events is purely coincidental.
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we cannot hope to recover the correct molecular formula from monoisotopic mass alone. In
their 2006 paper “Metabolomic database annotations via query of elemental compositions: Mass
accuracy is insufficient even at less than 1 ppm”, Kind and Fiehn [136] also consider chemical
restrictions and find — well, pretty much what the title suggests.

10.6 Decomposing amino acids

Not a good idea directly, decompose into molecular formula first, then decompose the molecular
formula into aa.

[TODO: DESCRIBE WHAT ANTON AND I HAVE DONE.]
Note that the number of decompositions will quickly explode, in particular if the mass

accuracy of the instrument is not sufficiently high: For example,

µ(AD)= 186.064057≈ 186.079313=µ(W)

µ(SV)= 186.100442≈ 186.079313=µ(W)

µ(GV)= 156.089878≈ 156.101111=µ(R)

µ(K)= 128.094963≈ 128.058578=µ(Q)

for amino acid residues of alanine A, aspartic acid D, glycine G, lysine K, glutamine Q,
arginine R, serine S, valine V, and tryptophan W.

But even if we had an instrument of arbitrary precision, we could not tell apart certain
compomers over the amino acid alphabet, besides the obvious µ(I)=µ(L) ambiguity: For example,
µ(AD) = µ(EG), µ(AG) = µ(Q), and µ(GG) = µ(N) holds for additional residues glutamic acid E

and asparagine N. These amino acid residues or combinations thereof have identical molecular
formula. So, for mass 840.347442 that may be decomposed into three Q and four N, we can
replace each Q by AD and each N by GG, resulting in 20 decompositions with identical mass.

Fig. 10.2 shows the number of decompositions over the amino acid alphabet, where leucine
and isoleucine are treated as a single character. This chart was computed using recurrence (3.2)
from page 43, and calculations were carried out with accuracy 10−6 Da.2 Note that the growth
is sub-exponential, as an exponential growth would correspond to a straight line. One can learn
at least two things from this figure: Firstly, the number of decompositions explodes at 2000 Da
latest, even for instruments with accuracy 1 ppm or better. Second, the combinatorial effects are
still huge at 3000 Da, so the number of decompositions is hard to approximate. [TODO: FILL
IN FIGURES, MORE TEXT.]

As we mentioned above, it is not a reasonable approach to decompose large masses in your
mass spectrum over the amino acid alphabet: Clearly, if you are lucky, you will hit a “sweet
spot” where only a relatively small number of amino acid decompositions are found. The mass
spectrometry literature, again, contains many such “anecdotal” decompositions. But we are
interested in fully automated methods that work for all (good quality) input data, not just a
few hand-selected peptides. At 2500 Da, we would have to process more than [TODO: 107]
decompositions on average, with dreadful consequences for the running time of our method. You
can decompose, though, the mass difference between two peaks in a mass spectrum, given that
this difference is at most, say, 1000 Da: In this case, you have to deal with less than [TODO: X]
decompositions in the worst case. Both estimates assume a mass accuracy of 1 ppm.

2That is, real-valued masses were multiplied by 106, rounded, and used as integer masses for the recurrence.
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Figure 10.2: Number of amino acid decompositions with mass M. Leucine and isoleucine are
treated as a single character. Top: Numbers for absolute mass accuracy 0.0005 Da,
bins of width 0.001 Da. Bottom: Numbers for relative mass accuracy 1 ppm.
The number of decompositions is varying strongly, so only maximum, mean, and
minimum number are displayed, calculated for bins of width one Dalton. The
approximate number is computed using [TODO: SOME EQUATION]. For absolute
mass accuracy, also the cumulative number of decompositions with mass up to M,
as well as the approximation using [TODO: SOME EQUATION] is shown. Note the
logarithmic y-axis. [TODO: NEW FIGURES!]
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10.7 Decomposing average masses

We come back to the problem of finding a molecular formula that best explains the observed
isotope pattern; but this time, we assume that the monoisotopic peak is lost. This can happen
if the molecular formula contains elements that are not frequent in biomolecules, see Table 9.5.
For example, the non-proteogenic amino acid C3H7N1O2Se1 has a monoisotopic peak with
relative intensity

0.997573 ·0.999887 ·0.99636 ·0.997572 ·0.0089= 0.0086%.

Clearly, this peak is easily missed by any peak picking software. In contrast, if we stick with the
classical elements CHNOPS then we can usually assume that the monoisotopic peak is present:
You need 279 carbon atoms, 24963 hydrogen atoms, 822 nitrogen atoms, 1232 oxygen atoms,
or 59 sulfur atoms so that the relative intensity of the monoisotopic peak is below 5%. So, the
resulting compound has mass at least 1886 Da if it is made solely from sulfur, mass 3348 Da
if it is solely made from carbon, and even higher mass for the other elements. The peptides
of smallest mass where the monoisotopic peak drops below 5%, consist of 34 cysteine residues
(mass 3520.323 Da) or 27 methionine residues (mass 3556.104 Da), compare to Exercises 9.5
and 9.6 in the previous chapter.

The elements boron,3 iron, selenium, and tungsten have natural isotope distributions that can
easily result in the non-detection of the monoisotopic peak. If you assume that your compound
contains only few of these atoms with “strange” isotope pattern, then testing each hypothesis
individually might be the best way to go: Assume that the compound contains at most two
iron atoms, and that the first peak of the sample isotope pattern is detected at mass M. Then,
decompose masses M, M −µ(Fe), and M −2µ(Fe) as described in Sec. 10.1, add Fe (Fe2) to all
candidates from the second (third) candidate list, respectively, concatenate the lists, and score
all candidates as described in Sec. 10.2. Note that this approach should not be used for zinc or
bromine containing molecules as here, the +1 peak is in fact a mixture of several isotope species
that contribute towards its mass.

The mass of the monoisotopic peak is an additive invariant of the decompositions we are
searching for: Given any solution, the sum of monoisotopic masses of all elements is the input
mass M0. In this section, we present other additive invariants for molecules resulting from
the observed isotope distribution. For the following, we define a weighted alphabet (Σ,µ) as an
alphabet Σ together with a mass function µ : Σ→N. For simplicity, we often write {µ(si) | s ∈ Σ}
for (Σ,µ). For the alphabet CHNOPS, we have already defined one mass function: µ(E) denotes
the monoisotopic mass of element E. We will now define other mass functions for the same
alphabet.

In the rest of this section, we consider a theoretical molecule where iE denotes the multiplicity
of element E in the molecule, E ∈Σ. Recall that we can decompose integers only, so we assume
in the following that all masses are rounded using appropriate precisions.

Given the observed normalized intensities f0, . . . , fnmax and peak masses M0, . . . , Mnmax , we
easily estimate the average mass of the molecule as Mav :=∑

i f iMi. This will underestimate the
average mass of the molecule, but this error is superseded by measurement errors. The average
mass of an element E can be estimated by E(XE). Let µ1 denote the corresponding weight
function; we decompose the number Mav over these weights. [TODO: TURN THE FOLLOWING
INTO EXERCISES!]
3The natural isotope abundances of boron differs largely depending on where the sample has been taken, so

particular care is needed if you assume your compound to contain boron.
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• Intensity of the monoisotopic peak. For every element E, let pE denote the probability that
an isotope of this element is monoisotopic. What is the intensity of the monoisotopic peak
of our molecule? Clearly, this is the probability that the molecule has monoisotopic mass,
which implies that all atoms must have monoisotopic mass:

p∗ :=P(molecule has monoisotopic mass)= ∏
E∈Σ

p iE
E (10.11)

Recall that f0 ∈ [0,1] denotes the observed normalized intensity of the monoisotopic peak,
so the measurement f0 should agree with p∗; taking the logarithm we find∑

E∈Σ
iE · log pE = log f0. (10.12)

Defining a third set of weights for our alphabet, µ2(E) :=− log pE for every element E, we
can decompose the number − log f0 over these weights. Note that by definition, µ2(P) = 0
holds for phosphor.

• Relative intensity of the +1 peak. Let qE denote the probability that an isotope of this
element has nominal mass one above the monoisotopic, for every element E. Note that
qE = 1− pE for E ∈ {C,H,N}, qE < 1− pE for E ∈ {O,S}, and qP = 0.

What is the probability that exactly one carbon atom is of isotope type +1, while all other
atoms of our molecule are monoisotopic? One can easily see that this probability is iE

qC
pC

p∗,
see (10.11) for the definition of p∗. In total, the probability to find exactly one atom of the
molecule of isotope type +1 and, hence, the intensity of the +1 peak, is

P(molecule has nominal mass N +1)=∑
E∈Σ iE

qE
pE

p∗. (10.13)

Recall that f1 ∈ [0,1] denotes the normalized intensity of the +1 peak, then comparison to
the monoisotopic peak leads to the equality:∑

E∈Σ
iE · qE

pE
= f1

f0
(10.14)

Hence, we can define a fourth set of weights for our alphabet, µ3(E) := qE/pE for every
element E. We can decompose the number f1/ f0 over these weights. Note that again
µ3(P)= 0 holds.

• Mass of the +1 peak. Let Y := Y1 + ·· · + Yl be the random variable corresponding to
our molecule with monoisotopic nominal mass N. We calculate the difference between
expected masses of +1 peak and monoisotopic peak, see (9.3) for the expected mass m1 of
the +1 peak. Let δE be the mass difference between the +1 mass and monoisotopic mass
of element E, for example δC = 13.003355−12= 1.003355. For phosphor we define δP := 0.
Then,

m1 −m0 = P(Y = N)
P(Y = N +1)

∑
E∈Σ

iE
qE

pE
δE, (10.15)

where P(Y = N)= p∗. Recall that M0, M1 denote the observed masses of the monoisotopic
and +1 peak. The measured mass difference M1 −M0 should agree with m1 −m0, and in
view of P(Y = N +1)= f1 and P(Y = N)= f0, we infer

f1

f0
· (M1 −M0)= ∑

E∈Σ
iE · qE

pE
δE. (10.16)
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Hence, we can define a fifth set of weights for our alphabet, µ4(E) := qE
pE
δE for every

element E. We can decompose the number f1
f0

(M1−M0) over these weights. Again, µ4(P)= 0
holds.

10.8 Historical notes and further reading

Our presentation in this chapter largely follows the paper of Böcker, Letzel, Lipták, and
Pervukhin [29]. Sec. 10.3 follows Kind and Fiehn [137], with the twist that I have transformed
their rules into prior probabilities.

Fig. 10.1 is modified from a 2006 publication by Kind and Fiehn [136], where the authors
proposed to build an automated pipeline, similar to the one presented in this chapter.

The idea of assigning molecular formulas to peak masses, dates back at least to the year 1965,
when the “Artificial Intelligence” program DENDRAL was created for this task, see Sec. 13.6
below.

Using Bayesian Statistics to evaluate mass spectra matches has been suggested by several
authors, see for example Zhang and Chait [247] and Zhang et al. [246].4

We assumed above that log ratios between measured and predicted peak intensities log( f j/p j),
follow a normal distribution. As Böcker et al. [29] note, “our data indicates that after correction,
log ratios [. . . ] roughly follow a normal distribution.” This must not be taken as some
sort of “truth”, so do not cite me on that issue. More empirical estimations are required to
accept or reject this hypothesis, or estimate the error that we introduce by assuming a normal
distribution. For swift computations, it might still be a good estimate even if the distribution is
not normal.

When computing probabilities from peak intensities, we face another systematic error: In case
a peak has low intensity, then this intensity is often under-estimated; the converse is true for
peaks with high intensity [29]. This problem may arise from inaccurate baseline correction, see
Sec. 15.2, as such inaccuracies have unequal effects on peaks of different intensities. To improve
identification rates, a correction parameter should be learned from the data.

There exist many other methods for decomposing isotope patterns, but mostly, these methods
are part of commercial and proprietary software, and no details on how these methods work
have been published. See Neumann and Böcker [171] regarding a comparison of the method
presented here, and the Bruker SmartFormula software. The SmartFormula software imple-
ments an approach very similar to the one presented here, but is said to use χ2 statistics to
score the molecular formulas — but this statistics is for a small number of observations, and not
meant to differentiate between a set hypotheses.

Several programs are available to decompose masses over the amino acid alphabet; most
programs rely on the naïve approach for decomposing masses as presented in Sec. 10.1 and have
to somewhat arbitrarily restrict the search space, by introducing upper bounds on the number
of certain amino acids, to avoid the combinatorial explosion.

[TODO: LOOK AT [84, 96, 113]]
[189] do it for oligonucleotides.
Rogers, Scheltema, Girolami, and Breitling [198] propose a quite different approach to assign

molecular formulas to metabolites: Instead of treating each measurement individually, they
assign molecular formulas to a batch of metabolite masses. Here, they use the fact that

4Wenzhu Zhang for [247] and Ning Zhang for [246].
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metabolites are connected to each other via chemical transformations [32]. They then use Gibbs
sampling to find a model with maximum posterior probability, given the data.

[TODO: ZUBAREV AND MANN [248] SAY SOMETHING ABOUT 1 PPM MASS ACCURACY IS
ENOUGH — COMMENT, THEY DO DB SEARCH, WE DO DE NOVO.]

Zhang et al. [245]
As a successful example for an automated method that decomposes masses over the amino

acid alphabet, we mention the approach of Bertsch et al. [18] who use such decompositions as
part of a divide-and-conquer strategy.

10.9 Exercises

10.1 "Uber realen Massen zerlegen: Gegeben sei das Alphabet {H,C, N,O} mit den Massen
{1.008,12.0,14.003,15.995}. Beschreibe einen naiven Algorithmus (ohne Verwendung von
FKR), der alle Zerlegungen f"ur eine gegebene Masse M und eine Abweichung ε berechnet.
Berechne alle Zerlegungen f"ur die Masse 100 und die Abweichung 0.01. Wie viele gibt es?

10.2 Similar to Exercise 10.2, it is easy to modidify Algorithms 10.1 and 10.2, when upper and
lower bounds for each character are given. Show how this can be done.
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